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ON p-FORMS FOR A CLASS OF WARPED PRODUCT 
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Abstract. We explicitely compute the absolutely continuous 
spectrum of the Laplacc-Beltrami operator for p-forms for the class 
of warped product metrics da^ — y^°'dy^ + y^^dO^N-i , where y is a 



boundary defining function on the unit ball -6(0, 1 



1. Introduction 



N 



In the present paper we continue the investigation of the spectrum of 
the Laplace-Beltrami operator acting on p-forms for a class of warped 
product metrics started in ^J. The Riemannian manifolds consid- 
ered in that paper were constructed as follows: let M be a compact 
A^^-dimensional manifold with boundary, and let y be any boundary- 
defining function. We endowed the interior M of M with a Riemannian 
metric ds"^ such that in a small tubular neighbourhood of dM in M 
ds^ takes the form 

where t = — logy G (c, +oo) and d6gj^.]- is a Riemannian metric on dM. 
For a < —1, the manifold M is complete, hence the Laplace-Beltrami 
operator A^^ is essentially selfadjoint on the smooth compactly sup- 
ported p-forms. In [T], we computed explicitely, with the exception of 
the point 0, the essential spectrum of A^^^ in dependence on the param- 
eters a and b. Moreover, under the assumption of rotational symmetry, 
that is, assuming that dM = we were able to check the belonging 

of to the essential spectrum of A^^ , and hence to achieve a complete 
description of the essential spectrum. 

In the present paper, instead, we are concerned with the absolutely 
continuous (and, partly, with the singularly continuous) spectrum. 

In Eichhorn showed that the essential spectrum of A^^ coin- 
cides with the essential spectrum of the Friedrichs extension (A^^)^ of 



1991 Mathematics Subject Classification. 58G25,58C40. 

1 



2 



FRANCESCA ANTOCI 



the restriction of A^^ to the smooth p-forms with compact support in 
(c, +00) X dM. Hence, in order to achieve the results in P, it sufficed 
to know the behaviour of the Riemannian metric only in a tubular 
neighbourhood of the boundary. 

As for the absolutely continuous (and the singularly continuous) 
spectrum of A^^, instead, to our knowledge no result of the sort of 
[H] is available. As a consequence, in order to compute these parts of 
the spectrum, we need global information on the Riemannian manifold. 

In the present paper we restrict our attention to the case in which 
M is the unitary open ball -8(0, 1) in endowed with a Riemannian 
metric ds^ given by 

(1.1) ds^ := f{t)dt^ + g{t)delN-i, 

where t = 2settanh(||x||), f{t) > 0, g{t) > for every t G (0,+oo), 
and (i^|]v-i is the standard Riemannian metric on S^^^. Moreover, we 
assume that f{t) = 1 and g{t) = for < t < e, whilst f{t) = e-2('^+i)* 
and g{t) = e~^^* for t > c > e. 

On one hand, these assumptions give us a complete knowledge of the 
essential spectrum (see [T]); on the other hand, they let us employ the 
radial decomposition techniques developed by Dodziuk ([3]), Donnelly 
([S]) and Eichhorn ([H], |7j). The decomposition consists of two steps: 
first, thanks to the Hodge decomposition on S^~^, we write any p-form 
a; on M as 

(1.2) uj = uJisQ)uj2dAdtQ){uJid®uj25Adt), 

where Uis (resp. ujid) is a coclosed (resp. closed) p-form on §^~^ 
parametrized by t and uj2s (resp. U2d) is a coclosed (resp. closed) 
{p — l)-form on E>^~^ parametrized by t. This gives the orthogonal 
decomposition 

LliM) = Cp,^{M) © £p,2(M) © £p,3(M), 
and, since A^^ is invariant, the corresponding decomposition 



Since 

3 

i=l 



(Tac(A^^) = |J(Tac(A5 



asc(A^,) = |Jasc(A 



3 

p 

Mi)-: 

i=l 



we can reduce ourselves to the study of the absolutely continuous (and 
of the singularly continuous) spectrum of A^^ for z = 1, 2, 3. 
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The second step consists of the decomposition of uis (resp. of uj2d, 
uj2s) according to an orthonormal basis of coclosed p-eigenforms (resp. 
closed and coclosed {p — l)-eigenforms) of Agjv_i (resp. of AgJ^ij on 
S^~^. In this way, up to a unitary equivalence, the spectral analysis of 
A^^, for i = 1,2, 3, can be reduced to the investigation of the spectra 
of a countable number of selfadjoint Sturm-Liouville operators Dix,. 
on the half-line (0, +C)o), parametrized by the eigenvalues A^, A; G N of 
Ag^_i on S^"-*^ if i = 1, and by the eigenvalues of Ag^_i if z = 2, 3. 
In particular, we have that for i = 1, 2, 3 

(^UKli) = U ^ac(AAj, 

fceN 



asc(A^,J= Ua3e(A, 



fceN 

Actually, since the Hodge * operator maps isometrically p-forms of 
£p_i(M) into (A^ — p) -forms of Cn-p,2{M) and viceversa, it suffices to 
consider the cases i = 1,3. Moreover, it turns out that, since the 
absolutely continuous spectrum of A^ is contained in the essential 
spectrum of A^^, which we know from P], in order to compute the ab- 
solutely continuous spectrum of A^ it suffices to study the absolutely 
continuous spectrum of Dixp for any A; G N: indeed, for any a < — 1, 
bem,pe[0,N], we find that UeN ^ac(/^iA^) = ^Te,,(A^). 

The absolutely continuous spectrum (and the singularly continuous 
spectrum) of the operators -Di^p is computed through perturbation the- 
ory; on one hand, this required a subtle investigation of their domains. 
On the other hand, since the operators Di^p act on the one- dimensional 
half-line (0, -|-oo) and have strongly divergent potential terms at zero, 
in order to study their spectra we had to prove modified versions of 
the classical Agmon-Kato-Kuroda Theorem (^2]) and Lavine Theo- 
rem (PI)- In particular, we had to choose properly the unperturbed 
operators employed in the perturbation techniques. 

Let us briefiy discuss our results. Ifa = — 1,6<0, the situation is 
similar to the hyperbolic case; we find that for < p < A^ 

r . j f N-2p-l \\, f N-2p+l \ 
a^{Alj) = mm <^ I 16,1 z 1 > , +oo 

If a < -1 and 6 = 0, for < p < A^ 

Crac(A^) = [Ap, +00), 

where Ap is the minimum between the lowest eigenvalue Aq of A^j, 
and the lowest eigenvalue Ag"^ of AgJ^i^. 
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For a = -1 and 6 > 0, if 1 < p < iV - 1 crac(A^) = 0, whilst if 
pe{0,l,N-l,N} a^iAl,) = [(^)^6^+oo). 

If a < -1 and 6 < 0, for < p < AT (Tac(A^) = [0, +oo); finally, 
if a < -1 and 6 > 0, for 1 < p < - 1 aJ{Al^) = 0, whilst for 
p e {0, 1, AT - 1, iV} aUA%) = [0, +oo). 

As for the singularly continuous spectrum, in any case we found that 

(Tsc(A^) = CTsc(A^3), whilst CTsc(A^J = (Tsc(A^2) = 0- 

It would be interesting to complete the analysis of the spectrum of 
A^, computing its singularly contimious spectrum. This problem can 
be reduced to the determination of the singularly continuous spectrum 
of D^yp-i for any A; G N; this turns out to be a hard task because 
D^^p-i is a coupled system of Sturm-Liouville operators on the half- 
line (0, +00) with strongly divergent potentials at zero, for which the 
application of perturbation techniques is difficult. 

The paper is organized as follows: in section 2 we introduce some 
preliminary facts and basic notations. In section 3 we describe in some 
detail the decomposition techniques. The calculus of the absolutely 
continuous spectrum (and, partly, of the singularly continuous spec- 
trum) of A^ is performed in section 4 for a = —1 and in section 5 for 
a < -1. 

2. Preliminary facts and notations 
For AT > 2, let S(0, 1) denote the closed unit ball 

s(o, 1) = {x = (xi, xn) e I X? + ... + < 1} , 

and let S^'^ denote the sphere 

§^-^ = {(Xi, ...,XN)e^''\xl + ... + xl = l], 



endowed with a coordinate system (C/j, ©j), i — 2, A; -|- 1, ©j : C/j — > 

Let us consider the interior of -8(0, 1), 

5(0,1) = {(a;i,...,Xiv) e M^|x2 + ... + x^ < l} , 

with the coordinate system (V^, $i), for i = 1, k + \, defined in the 
following way: in a neighbourhood of 0, for some 5 > 0, 

Vi = {(xi,...,xjv) e ]R^|x? + ... + x^ < 5] 

and 

$i(xi, ...,Xjv) = {xu ■■■,Xn), 



5 



whilst for i > 1, X 7^ 0, 



Vi = {x ew' \ eU^ 
I IfII 

$i : V, (0,+oo) X QiiUi), 
^i{xi,...,XN) = (^2settanh(||x||),e, (^^)) =: (i^^i)- 

We denote by M the manifold -8(0,1), endowed with a Riemannian 
metric ds"^ such that on $j(Vi), for i > 1, 

(2.1) cis^ := fit)df + g{t)d9lM-i, 

where f(t) > 0, g(t) > for every t G (0, +oo) and dO'^^^i is the 
standard metric on ds"^ is well-defined on 5(0, 1) \ {0}. 

We suppose that for t > c> 0, a G M, & G M 

(2.2) fit) = e-2('^+i)*, g{t) = e~^''. 

As for the behaviour as t — > 0, we suppose that for t G (0, e) (e = 
2settanh((5)) 

(2.3) fit) ^ 1, git) = t\ 

This assures that ds^ can be extended to a smooth Riemannian metric 
on the whole manifold M; indeed, for t G (0,e), ds^ is the expression, 
in polar coordinates, of the Euclidean metric on M^. 

It is well-known (see [10]) that a Riemannian metric of this kind is 
complete if and only if a < —1. Hence throughout the paper we will 
suppose that a < — 1. 

For p = 0,...,N, we will denote by C°°(Ap(M)) the space of all 
smooth p-forms on M, and by C^(A^(M)) the set of all smooth, com- 
pactly supported p-forms on M. For any uj G C°°(A^(M)), we will 
denote by \Ljit,6)\M the norm induced by the Riemannian metric on 
the fiber over (t, 6), given in local coordinates by 

\uit, 9)\l = g^^^^ it, 9)...g^^^^it, 9)co,,...,^it, 9)cu,,„,^it, 9), 

where is the expression of the Riemannian metric in local coordi- 
nates. We will denote by c?^, *m, ^a/; respectively, the differential, the 
Hodge * operator and the codifferential on M, defined as in A^^ 
will stand for the Laplace-Beltrami operator acting on p-forms 

— "a/ "a/ ^ "Af "M; 

which is expressed in local coordinates by the Weitzenbock formula 
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where Vju; is the covariant derivative of uj with respect to the Riemann- 
ian metric, and i?*, i?*/; denote respectively the local components of 
the Ricci tensor and the Riemann tensor induced by the Riemannian 
metric. As usual, Lp{M) will denote the completion of C^(Ap(M)) 
with respect to the norm ||u;||i2(j\^) induced by the scalar product 

{^,^)l2(m)-= / idA*M^; 

Jm 

11^ II L2(M) reads also 

II^IIl2{m) = / Wit,())?MdyM, 
Jm 

where (IVm is the volume element of (M, ds^). 

It is well-known that, since the Riemannian metric on M is complete, 
the Laplace-Beltrami operator is essentially selfadjoint on C^(A^(M)), 
for p = 0, A^. We will denote by A^^ also its closure. 

Let us end this section with some notations and preliminary facts in 
spectral analysis. If H is any selfadjoint operator acting in a Hilbert 
space Ti, 

H : v{H) cn — >n, 

we will denote by aess{H) the essential spectrum of H, that is, the 
spectrum of H minus the isolated eigenvalues of finite multiplicity. 
Following [H^, Eh^h) (/i G M) will stand for the spectral family asso- 
ciated to the operator if; moreover, Pni^Ji) will denote the projection 
Eh{ij)QEh{ijI' — Q) (where Enifi — O) = s— lim^^o -^^(/i)), whilst Eh{S) 
will stand for the spectral measure of any Borel set SCR. As usual, 
we will denote by Hp{H) the closed subset of TC spanned by all the 
eigenfunctions of H, and by TidH) its orthogonal complement in Ti; 
correspondingly, we will denote by (Tp{H) the set of all the eigenvalues 
of H and by <7c{H) the spectrum of the restriction of H to TCc{H). Fol- 
lowing [TT], we will denote by HadH) the subset of absolute continuity 
of H, defined as the set of ah u E H such that {Eh{S)u,u)t-i = for 
any Borel set S whose Lebesgue measure 15*1 is equal to zero. HsdH) 
will stand for the set HdH) Q HadH). Accordingly, we will denote 
by crac(-ff) (resp. (XsdH)) the absolutely (resp. singularly) continuous 
spectrum of H, defined as the spectrum of the restriction of H to the 
subspace Hac{H) (resp. TCsc{H)). 

Finally, let us recall the following basic facts, whose proof is elemen- 
tary and is therefore omitted: 

Lemma 2.1. Let H be a selfadjoint operator acting on a Hilbert space 
n, H : D{H) cn^n. Then 



(1) if fi G is an isolated eigenvalue of H , then ^ ^ aa_c{H) 
(resp. /i ^ asc{H)); as a consequence, (Jac(-f^) ^ cfessiH) (resp. 

^sc 

(2) if H = (BkmT^k, where Hk, for every k & N, is a closed sub- 
space of Ti (possibly empty), and if H splits accordingly as 
H = (BkenHk, where for every k E N Hk = H\Hk' ^^^'^ o"ac(-f^) = 

UA:eN^ac(-f^fc) and Gsci^H) = IJfeeN^sc(-f^fc); 

(3) for any constant K eR, HadH + K) = HadH) (resp. nsc{H+ 
K) = HsciH)); as a consequence, cTg^dH + K) = a^^dH) + K 
(resp. a,dH + K) = a.^H) + K). 

3. Hodge decomposition 

In the present section let us suppose that the Riemannian metric ds'^ 
in (0, +oo) X S^"-*^ takes the form 

(3.1) ds^ = f{t) dt^ + g{t) delN-i, 

where f(t) > and g(t) > for any t G (0, +oo). 

Given u G (:7°°(Ap(M)), let us write, for {t, 6) G (0, +oo) x S^-^ 

(3.2) uj{t,e) =ujde) + uj2{e) ^dt, 

where ui and uj2 are respectively a p-form and a (p — l)-form on 
depending on t. An easy computation shows that *Af can be expressed 
in terms of decomposition ()3.2|) as 

(3.3) *M uj = i-lf-^g^^it)f--^it) *siv-i U2 

+ 9 2 {t)f^{t)*sN-iUiAdt, 

where *§jv-i denotes the Hodge * operator on Moreover, d\.j and 

6^ split respectively as 

(3.4) dljcu = dl^_,cu^ + {(-1)''^ + dl-^co^] A dt, 



(3.5) 61,. = ,-(t)5,v.-i + (/-.^-.) 



d_ 

dt 

+ A dt, 



where p is the degree of u, (i|jv_i is the differential on ^ and S^n-i 
is the CO differential on §^~^. 
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Moreover, the L^-norm of a; G C°°{IV{M)) fl Ll{M) can be written 



as 

roo 

|2 



iV-2p-l 



(3-6) lkllL2(M) = 9 ' (s)/5(s)||a;i(s)||i2(siv-i)Cis 

r+oo 

+ / 9^^^is)r^{s)\\u2{s)\\l2_^^sM-i)ds, 



where ||.||j;^2(gjv-i) is the L^-norm for p-forms on §^ ^. 

From ()3.4|) and ()3.5p . a lengthy but straightforward computation 
gives 

AIjU = (A^,^cu)i + {AIju)2 a dt, 



where 



(3.7) (A»i = g-\t)Al^_,co, + {-if r\t)g~\t)^^dl-\,u. 



1 -iV+l+2p , , 9 / ^ 1 , , iV-l-2p 9C(Jl 



at V 5t 



and 



/-j(t)<,^(()|(r^Wj^((V,) 



(3.8) (A;,;^), = 9-'(*)AI;i,i^2 + 

9 f -iV-l + 2p , , d 

Here we denote by Ag^v-i the Laplace-Beltrami operator on S^^^. 

Since for every smooth oj G Lp{M) we have that Ui G Lp{M), UJ2 A 
rft G L2(M) and 

(cji,u;2 A dt)Li(M) = 0, 

()3.2p gives rise to an orthogonal decomposition of Lp(M) into two closed 
subspaces. However, fl3.7|) and ()3.8p show that A^^ is not invariant 
under this decomposition, and further decompositions are required. 
It is well-known that, for < p < — 1, 

where is the space of harmonic p-forms on S^^^, and the 

decomposition is orthogonal in Lp{E>^~^). Hence, for 1 < p < — 1, 
every u G ^^(M) n C°°(Ap(M)) can be written as 

uj = uJis® uJ2d AdtQ) {uJid © UJ2S A dt), 

where uis (resp. uid) is a coclosed (resp. closed) p-form on 
parametrized by t, and U2s (resp. u!2d) is a coclosed (resp. closed) (p — 



l)-form on ^ parametrized by t. By closure, we get the orthogonal 
decomposition 

where, for every a; G L^(M) n C°°(Ap(M)), 

G /:p,i(M), 
Wad A c/t G /:p,2(M) 

and 

{uJid ® UJ2S A dt) G /:p,3(M). 

Since 

AP _ AP+1 ^P XP AP _ AP-1 XP 

B 3 3 3 

the Laplace-Beltrami operator is invariant under this decomposition, 
and 

where, for i = 1,2, 3, A^^^ is the restriction of A\j to Cp^i{M). We re- 
mark that, for i = 1,2, 3, A^^^ is essentially selfadjoint on C^(A^(M))n 
Cp^i{M). In view of Lemma f2.H for 1 < p < — 1, 

^ac(A^,,) = |Ja,e(Al«), 

j=l 

3 

(Tsc(A^) = |J(Tsc(A^^J. 

i=l 

For p = (resp. p = N), any u G Lp{M) can be written as a; = 
ciJi^ (resp. LJ = uj2d A dt), where oju (resp. Wad) is a coclosed (resp. 
closed) 0-form (resp. [N — l)-form) parametrized by t on S"^"^. Hence 
Ll{M) = Co,i{M) (resp. L^(M) = Cm,2{M)), and A^, = A^.^ (resp. 
Aj^ = Aj^g)- Again, A°^j^ (resp. Aj^g) is essentially selfadjoint on 
C~(AO(M)) n £o,i(^) (resp. on C~(A^(M)) n Cm,2{M)). 

Hence, for every p G [0, A^], in order to determine the spectral prop- 
erties of A^ it suffices to study the corresponding properties of A^^^, 
i = 1,2,3. 

To this purpose, let us introduce further decompositions. First of all, 
for any u G Lp{M) fl C°°(Ap(M)) we decompose uis according to an 
orthonormal basis {rifej^gpj of coclosed eigenforms of Ag^_i; this yields 



(3.9) 



l^l<5 = ®khk{t)Tik, 
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where hk(t)Tik G Lp{M) for every /c G N, and the sum is orthogonal in 
Lp{M), thanks to ()2.1|) . By closure, we get the decomposition 

Cp,i{M) = ®keNCp,i,k{M), 
where for uj E Ll{M) f] C^{Ap{M)) 

hk{t)Tik e Cp^i^k{M) 

for every k E N. We will call p-form of type 1 any p-form uj G L'^{M) 
such that u G Cp^i^k{M) for some /c G N. 

For every k eN, let us denote by the eigenvalue associated to Tik- 
Since for every k eN 



(3.10) A^,,(Mt)n,) 



9it) 



. 1 , , -iv+i+2p 9 / ^ , , 1 , , iv-i-2p dh\^ 
A^^^ is invariant under decomposition ()3.9|) . Moreover, if = h{t)Tik 

r+oo 

\MluM)= gis)^^^f{s)h{sfds. 
Jo 

Thus, A^j^ is unitarily equivalent to the direct sum over k E N of 
certain selfadjoint operators A^;^? in L'^{{0, +oo),g ^ /a) such that 



and for every h E C^(0, +oo) 
(3.11) 

At , , , „ , , 1 , , -iV+l+2p d / ^, , 1 , , JV-l-2p 5/l 

Au?;/^ = -^^Ht) - f(ty-^g{t)^^- [j(t)-^g{t)^ — 



If we set 

(3.12) w{t) = h{t)f{t)\g{t)'^, 

a direct (but lengthy) computation shows that A^^^ is unitarily equiv- 
alent to the direct sum, over G N, of some selfadjoint operators Di^p 
in L^(0, +oo) such that 

Cr(0,+oo)CI)(Z},,p) 



11 

and for every w G C^(0, +00) 

, ^ d fldw\ \ 7 1 fdfV 1 1 

(3.13) D,,.w = --[--^ + ^---[^-^ +-- — 

1 1 a/ (A^ - 1 - 2p) 1 ^ 1 (A^ - 2p - 1) (AT - 2p - 5) 1 (^9^^ ^ 



2p dt 4 gdt f 4 4 

l(7V-2p-l)ia^ A|l 
^/ 4 ^9^2^ gj ■ 

Analogously, for every u G Lp{M) fl C°°(A^(M)) we decompose ci;2d 
according to an orthonormal basis of closed eigenforms {T2fe}j^.gi^ of 

AP-l . 

(3. 14) uj2d Adt = ®khk {t)T2k A dt. 
Correspondingly, by closure we get the orthogonal decomposition 

£p,2(M) =efeeN>Cp,2,fc(M); 

we will call p-form of type II a p-form cu G Lp{M) such that cu G 

Cp^2,k{M) for some /c G N. 
For every A; G N 

Al^^{h{t)T2k A cii) = {A2^p-ih)T2k A dt, 

where 

(3.15) A,,,^-rh = ^h{t) 

d ( „, , 1 / , -jV-l+2p d / ^, , 1 , . N+l-2p , , , \ 1 

Here, again, for every A; G N we denote by A^"^ the eigenvalue of A|^ii 
corresponding to the eigenform r2k- 
If a; = h{t)T2k A dt, then 

f+00 

M\li{M)= g{s)^^^ f{s)-h{sf ds. 
Jo 

Thus, if we set 

(3.16) w{t)^h{t)f{t)-'^g{t)'^, 

we find that is unitarily equivalent to the direct sum, over k 
of certain selfadjoint operators D^^p-i in L^(0, +00) such that 

Cr(0,+oo)CP(L>,,.-i) 
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and for every w G C^(0, +00) 

, ^ d fldw\ f 7 1 fdfY 1 1 

(3.17) ^2Ar- = -^^7^J + |-i^;^(^^J 

1 1 df (N -l + 2p) ldg 1 (N - 2p + 1) (N - 2p + 5) 1 f dg\ 
~ 2p~dt 4 'gdi^J 4 4 ^ \ di J 

l {-N + 2p-l) ld'g Xl-\ 
f 4 gdt^^ g 



Finally, for every ui € Lp(M) nC°°(A^(M)) we decompose 1025 with re- 



spect to an orthonormal basis of coclosed eigenforms {T3fc}^gpj of A^^v-i 



For every A; e N we denote by ^ the eigenvalue corresponding to the 

eigenform r^k] then < J^ dg^iiTsfc > is an orthonormal basis of 

closed eigenforms of A^^v-i ■ Hence, we get the following decomposition 
for any cuid ® 0025 A dt 

(3.18) 

<^ld ® <^25 A Cii = ©fc I /i-lfcC?g^-iT3fc © (-l)^/i2feT3fe A I , 




whence, by closure 

Cp,3{M) = ®feeN>Cp,3,fe(M). 

We call p-form of type III any p-form cu e Lp{M) such that cu e 
jC-p,3,k{M) for some /c e N. 

A direct computation shows that, for every A; e N, 

(3.19) _^/i,;^(t)rfpi,r3fc ©M (-l)^/i2fc(t)r3fe A dt 




© (^A2,.-i/i2. + ((-l)'^3fc A dt) ; 

moreover, if a; = ■^hi{t)d^\iT3 ©m (— l)^^2(t)T3 A dt, then 

/+00 
^(s)^^^/(s)Ui(s)2cis 
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9is)'^fis)-h2isfds. 

Hence, if we set 

^ ■ ' W2{t)= g'^{t)f-Ht)h,{t), 

we find that A^^g is unitarily equivalent to the direct sum, over e M, 
of certain selfadjoint operators D^^p-i in L^(0, +00) © L'^{0, +00) such 
that 

(0, +00) © cr(o, +00) c i?(D3,.-o 

and for every wi®W2e 0^(0, +00) © C^{0, +00) 

(3.21) D^,.^-^iw,®W2) = I^D,^r>~.w, + g{tr^f{t)--^^^^'w^ 



.dg_ 
dt 



For i = 1, 2, 3, for any A; G N, we will denote by Tp^i^k{M) the unitary 
equivalence between Cp^i^^iM) and L'^{0, +00) ( L'^{0, +oo)©L^(0, +00) 
if i = 3) given by (jSll (resp. ^HJ^ . ^HH^ ). 

We remark that even if the orthogonal decompositions depend on the 
Riemannian metric (since we have to take closures in the L^-norm), the 
eigenvalues and the eigenforms Tik depend only on S^~^ and hence 
are the same for any choice of the functions f{t) and g{t). 

As a consequence, we have: 

Lemma 3.1. Let M be the N -dimensional unitary ball -6(0, 1) endowed 
with any complete Riemannian metric of type 

(3.22) ds'^ = f{t) dt^ + g{t) del^-i , 

where t = settanh(||x||), d6'^f^_i is the standard Riemannian metric on 
f(t) > and g{t) > for any t e (0, +cxd). Moreover, let us 
suppose that f , g fulfill condition \2.3^) . Then for every p G [0, A^], for 
any i = 1,2, 3, for every k eN, the set 

(3.23) Xp,,,k := (Tp,,,fc(M))(Cr (A^(M)) n Cp,^,k{M)) 

does not depend on the choice of the functions f , g, provided they fulfill 
condition \2.!^) . 

Proof. Let {fi,gi), (/2,5'2) be two couples of smooth positive functions 
on (0, +00) such that 
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(1) the corresponding Riemannian metrics 

f,{t)dt^ + g,{t)desN-^, J = 1,2 
are complete on B{0, 1); 

(2) for j = 1, 2, fj{t) = 1 and gj{t) = ^ for t G (0, e). 

For sake of simplicity, let us consider the case i = 1 (the proofs of 
the other cases are analogous). Let u = h{t)Tik G C^(Ap(M)) Pi 
^p,i,k{M, Qi); then if we consider the differential form u on M defined 
as 

then uj G C^(A^(M). Moreover, it is immediate to see that 
%,i,kiM, gi)uj = Tp^i^kiM, g2)u. 

□ 

The set Xp j ^ defined above is a natural core for the operator -DjA^.- 
Namely, we have the following characterization of V{Di\^) for any i = 
1, 2, 3 and for every A; G N: 

Lemma 3.2. Let M be as in Lemma \3.1\ Then, for every p G [0, A^], 
for every i = 1,2, 3, for every /c G N, the operator Di\^ is essentially 
selfadjoint on the set Xp^i^k defined by \3. 2!^) . 

Proof. Since is essentially selfadjoint on C^(A^(M)), then, for 
i = 1,2,3, AIj- is essentially selfadjoint on C^{Ap{M)) n Cp,i{M). 
Analogously, for any i = 1,2,3 and for any A; G N the restriction of A^,j. 
to the subspace £p^j^fc(M) is essentially selfadjoint on C^{Ap{M)) fl 
'^p,i,k{M). Hence, for every k E N the operator D^xp^ is essentially 
selfadjoint on the set Xp^i^k- D 

Applying the decomposition techniques described above to the Frie- 
drichs extension (A^^)^ of the restriction of A^ to C^{hP{M\B{fd, c))) 
for some arbitrarily chosen c > 0, in jl] we computed explicitely 
the essential spectrum of A^^ (it was shown by Eichhorn (|6j) that 
cress(A^j) = (Tess((A^^)-^)). Namely, we obtained the following result: 

Theorem 3.3. Let M be the unitary ball B{0, 1) in endowed with a 
Riemannian metric ds^ which, in a tubular neighbourhood of the bound- 
ary , is given by 

where a < —1, t = settanh{\\x\\) and d9^i^_i is the standard Riemann- 
ian metric on Then 
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(1) ifa = -l and b<0,ifp^f 



mm 



N -2p-l 



N -2p+l 



-oo 



whilst if p 



N 



aUKi) = {0} U 



4 



-oo 



(2) if a = —1 and 6 = 0, for every p G [0, A^] 

where Xp is the minimum between the smallest eigenvalue of 
A|jv-i O'nd the smallest eigenvalue o/Ag^ij/ 

(3) ifa = -l andb>0, ifl<p<N-l 

cress(A^,) = 0, 
whilst ifp e {0, 1,A^- 1,A^} 

6^ +00 



C'"ess(A^ 



M) 



N -I 



(4) if a < —1 and b < 0, for every p G [0, N] 

(7css{^m) = [0, +oo); 

(5) if a < ~1 and 6 = 0, for every p G [0, A^] 

(Tess(A^) = [Ap, +00), 

where A is the minimum between the smallest eigenvalue of 
Agjv-i and the smallest eigenvalue o/ Ag^ij,- 

(6) if a < -1 and b > 0, if 1 < p < N - 1 

whilst ifp G {0,1,N-1,N} 

CTess(AX^) = [0, +CX)) . 

As for the absolutely continuous spectrum and the singularly con- 
tinuous spectrum, in view of Lemma f2.H for i = 1, 2, 3 we have that 



and 



fceN 



fceN 
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thus, we can reduce ourselves to the analysis of the absolutely continu- 
ous and of the singularly continuous spectra of the selfadjoint operators 
Di^p, D^.p-i and D^.p-i. Since the Hodge * operator maps p-forms of 
type I isometrically onto (iV— p)-forms of type II, it suffices to consider 
the cases i = 1 and i = 3. 

Finally, let us observe that the decomposition techniques described 
above work also in the case of the Euclidean space (this will be essen- 
tial in the construction of the unperturbed operators employed in the 
computation of the absolutely continuous spectrum). 

Namely, let us consider the Euclidean space (M^,e), that is, 
endowed with the Euclidean metric. Prom now on, we will denote by 
the Laplace-Beltrami operator acting on p-forms on (R-^,e). In 
polar coordinates the Euclidean metric has the expression 

where dOg^-i is the standard Riemannian metric on S^~^. Then it is 
possible to introduce the decompositions 

L2(R^, e) = /:p,i(M^, e) e >Cp,2(M^, e) e Cp,s{R'' , e) 

and, for i = 1,2, 3, 

For any A; G N, we will denote by Tp i k{R^, e) the unitary equivalence 
between >Cp^i_fc(M^, e) and L^(0, -|-oo). 

4. The case a = -1 
Let us introduce the change of coordinates 

r : (0,+oo) — > (0,+oo), 

r+oo 

r{t) := / ^7{s)ds; 
Jo 

the Riemannian metric in the new coordinate system (r, 9) on (0, -|-oo) x 
giv-i given by 

(4.1) da^ ^dr^ + g{r)d0l,,-^, 

where 

g{r) — for r e (0, -|-e) 

and 

g(r) = e-^'"' for r>c^K + e, 
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where K = y/J{s) ds. Applying the orthogonal decomposition of 
Section 4 in the new coordinate system we find the following expressions 
for the operators Aa^^ for any w e C°°(0, +00) fl V{Dixi) 

where 

r(^)(^)^ + 5 forre(0,e) 

(4.2) yi{f) — smooth function for r e [e, c] 

[(^E^)\2^Xle''^ for r>c. 

Analogously, for any w G C°°(0, +cxd) fl 'D{D ^.p-i) 

k 

where 

r(^)(^)^ + ^ forre(0,e) 
V2(r) = < a smooth function for r G [e, c] 

Finally, for every {wi®W2) e {C^iO, +00) ®C°°{0, +oo))nV{D^.p-i), 

k 

(4.3) D^^p-^{w^ e «;2) = (^^u-^^i + M^)yf^'^2^ 

© (^^2Ar^^2 + V^3(r)VAr'^/;i, 

where 

forre(0,e) 

^3('^) ~ ■{ ^ smooth function for r e [e, c] 
-2be'^ for r > c. 



The behaviour of the potential at infinity depends strongly on the sign 
of 6 e M. Hence, we will consider separately the cases b < 0, b — and 
6 > 0. 



4.1. The case 6 < 0. We begin with the study of the absolutely con- 
tinuous (and of the singularly continuous) spectrum of the operators 
Dixp- To this purpose, we need some preliminary Lemmas. The first 
is a classical statement in functional analysis: 
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Lemma 4.1. ([12\) Let A, C he symmetric operators. Suppose that T> 
is a linear subspace satisfying V C V{A), V C T'(C), and that 

\\{A-C)^\\<a{\\A^\\ + \\Cv\\)+bM 

for all if eT), where 0<a<l, 6>0. Then 

(1) A is essentially selfadjoint on V if and only if C is essentially 
self adjoint on V; 



(2) ViAir,)=V{Civ). 
Proof. For a proof see D 



The second Lemma is an easy generalization to the case of differential 
forms of the Agmon-Kato-Kuroda Theorem (see 

We recall that a potential V{x) on is called an Agmon potential 
if for some e > the potential W{x) := (1 + \x\'^)2~^''V{x) is a relatively 
compact perturbation of the scalar Laplacian —A. Moreover, it is well- 
known that if for some e > (1 + \x\'^)^+'V (x) e L°°(R^) then V{x) 
is an Agmon potential (see jT^Jj). 

Lemma 4.2. Let V be an Agmon potential on M^. If H = + V , 

then: 

(1) the set of positive eigenvalues of H is a discrete subset of 
(0, +oo), and each eigenvalue has finite multiplicity; 

(2) CT,,{H) = 0; 

(3) the wave operators W^{H,Ap) exist and are complete. 

Proof. For the scalar case (i.e. p = 0) see jTH]- For p > the conclusion 
follows applying to each component the result in the scalar case. □ 

We are now in position to prove our first result: 
Lemma 4.3. For a = —1, b < 0, for < p < N ~ 1, for every G N 



o-ac(^ 



6^, +00 ) and a^dD 



Proof. We will compute the absolutely continuous and the singularly 
continuous spectrum of Dw^ through pertubation techniques. Since for 
6 < we have that e^^'' — >■ as r — +00, it might seem natural to apply 
directly the Agmon-Kato-Kuroda Theorem for functions (see ^Hl) to 
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the couple of operators (-Di^p, H) on the half-hne (0, +00), where 



However, on one hand, the Agmon-Kato-Kuroda Theorem holds for 
operators acting on the whole , whilst the operators H and Dixp^ 
act on the half-line. On the other hand, the potential part of the 
operator Dix^ has a singularity at zero. Hence, we developed a different 
argument. The idea is to "move" the problem to the A^-dimensional 
Euclidean space (M^,e), where the singularity disappears. 
Let us consider, on (]R'^,e), the operators 



where 



Vi\x\) 



Hi = Ho + Vi\x\), 

-{^^Yb' for|x|G(0,e) 
V^i\x\)~{{^) {^)+Xl)j^ 
_^N-2^Y^2 for|x|G[e,c] 

-((^)(^) + A^)4. + Afe-N for|x|>c. 



Since is essentially selfadjoint on C^(A^(]R^, e)), in view of Lemma 
mUboth Hq and Hi are essentially selfadjoint on C^{kP{m.^ ,e)). We 
denote again by Hq and Hi their closures. Since an easy computation 
shows that for < e < | 

(1 + G L°°(R^e), 

is an Agmon potential on M^. As a consequence. Lemma 14.21 
implies that 

(1) the set 8 of the eigenvalues of Hi greater than ( ^~^^~^ )^ IP' is 

a discrete subset of {{_ ^~'^2~^ Y ; ^ind each eigenvalue 

has finite multiplicity; 

(2) asc{Hi) = 0; 

(3) the wave operators W^{Hi,Hq) exist and are complete. 
Now, let us consider the restrictions P\c^^^^^(j^n ^^^Hi, ,^(Riv,e)^o of 
Hi and Hq to Cp^i^k{^^ ) e), and let us apply the unitary transformation 
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7;,i,fc(R^,e). In this way we find two operators 



-1 



Ho := Tp,i,fc(M^, e) o ^0 o (Tp,i,fc(R^, e)) 

Hi :=rp,i,fc(M^,e)o^io (rp,i,,(M^,e))"\ 
both essentially selfadjoint on the set ^p,i,fc defined by fl3.23|) . 
Since a simple computation shows that for any w G -^p,i,fc 

Hiw = Dixpw, 

in view of Lemma 13.21 we find that Hi = Di^p . 

Recalling Lemma f2. 11 we find immediately that asc{Dixp) = crsc{Hi) 
C asc{Hi) = 0. Moreover, since the projection P\Cp n-i^'^ ,e) commutes 
with both Hq and Hi, we find that the existence and completeness of 
the wave operators W^{Hi, Hq) implies the existence and completeness 
of the wave operators W'^{Dixp,Ho). As a consequence, we have that 

^ac{DlXl) = O-ac(-f^o)- 

Since the spectrum of is purely absolutely continuous, equal to 
[0, +oo) and of constant multiphcity, o"ac(-ffo) = b"^, +oo 

This completes the proof. 

Hence: 

Proposition 4.4. For a = —1, b < 0, for < p < N — 1, 

2 



□ 



(Xac(A' 



P N 

Ml) 



N -2p-l 



'Oo , and (Tsc(A^^J = 0. 



By duality: 
Proposition 4.5. For a 



-1, b <0, for 1 <p < N, 



0'ac(A^2) 



N -2p+l 



6^ +00 , and (7sc(A^2) 



As a consequence, since we already know from Theorem 13 . 31 that for 
a = —1, 6 < 0, for every p G [0,N] the essential spectrum of A^,^ 

min I {^^f^Yb^ ^ii^f±iyb'^ , +oo) , we can state the 



is equal to 
following: 
Theorem 4.6. For a 



'1, b<0,forO<p<N, 



0"ac(A' 



P ^ 
Mi 



mm 



N -2p-l 



N -2p+l 



-oo 



asc(A^^) = o-sc(A 



M3)- 
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4.2. The case 6 = 0. As in the previous case, we begin with the study 
of for any k E N. If 6 = 0, the potential Vi(r) in (|4.2|) is simply 
given by 

r(^)(^)^ + A0 for re (0,6) 
Vi(r) = < a smooth function for r G [e, c] 

I for r > c 

Lemma 4.7. For a = —1, 6 = 0, for < p < N ~ 1, for every A; G N 

c^ac(-C'iAp) = [\l,+oo) and (7sc{Dixi) = 0- 

Proof. Let us consider, on (]R^,e), the operators 

^0 = + 

where 

(-XI for|x|G(0,e) 
V^(|x|) = < a smooth function for \x\ G [e, c] 

Again, in view of Lemma l^!T| both Hi and Hq are essentially selfadjoint 
on C^(AP(M^, e)). Hence, the operators 



Ho := rp,i,fc(M^, e) o ^0 o (Tp,i,,.(M^, e)) ' 
Hi := rp,i,fc(M^,e) oiJi o (Tp,i,fc(M^, e))"' 



are both essentially selfadjoint on the set Xp i ^- In particular, as in the 
proof of Lemma [4.31 we have that Hi = Dixp. Since an easy computa- 
tion shows that V^(|a;|) is an Agmon potential on (indeed, for < 

reasoning as in the proof of Lemma 
we find that crsc{Dixp) = and a^dDixp) = crac(-?^o) = [A^, +oo). □ 

As a consequence, by Lemma f2. 11 we have: 

Proposition 4.8. For a = —1, 6 = 0, for < p < N — 1, 

(^UKii) = [Ao,+oo), 
where Aq is the lowest eigenvalue o/ Agiv„i, and 

a,c(A^i) = 0. 

By duality: 
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Proposition 4.9. For a = —1, 6 = 0, for I < p < N , 

where Aq~^ is the lowest eigenvalue o/ A^^ii, and 

a,e(A^2) = 0. 

Since we already know from Theorem 13.31 that for a = — 1, 6 = 
the essential spectrum of A^^ is equal to [Ap, +oo) for every p G [0, A^], 
where Xp = min |Aq, Aq~^}, we obtain the following result: 

Theorem 4.10. For a = —1, 6 = 0, for <p < N, 

o-ac(A^) = [Ap, +oo) , 

where Xp = min {Aq, Aq~^}, and 

(Tsc(A^) = asc(A^^3). 

4.3. The case 6 > 0. As in the previous cases, in order to compute 
the absolutely continuous spectrum of A^,^ it suffices to study the ab- 
solutely continuous spectrum of DixP for any A; G N: 

k 

Lemma 4.11. For a = —1, 6 > 0, for every G N z/ A^ > 
o"ac(^iA^) = and (Tsc(^ia^) = 0, 

whilst if Xl = 



0-ac(^ 



AT- 1^ 2 



6^, +00 ) and o^dD 



Proof. It was proved in ;1J that for a = — 1,6>0, ifA^>0 then 
a^ssiDixp) = 0; as a consequence, in this case aac{Di\p) = cTsciDixp) = 

k k k 

0. 

If, on the contrary, A^ = 0, we have that Vi(r) is simply 

r(^)(^)^ forrG(0,e) 
Vi(r) = < a smooth function for r G [e, c] 

[(A[^)2^2 for r>c. 

Let us consider, on (]R^,e), the operators 
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where 

(-{^tzf^fb' for|x|G(0,e) 
^(1^1) — \ ^ smooth function for |x| G [e, c] 

Again, in view of Lemma l^?T| both Hi and Hq are essentially selfadjoint 
on C^(AP(M^, e)). Hence, the operators 

i^o := rp,i,fc(M^, e) o #0 o (Tp,i,fc(R^, e)) , 

Hi :=rp,i,fc(M^,e)o^io (rp,i,,(M^,e))~\ 

are both essentially selfadjoint on the set i fc. This fact, jointly with 
a simple computation, shows that Hi = Di^p . 

k 

Since is an Agmon potential on M^, reasoning as in the proof 

of Lemma lOl we find that (Tsc(-Diap) = and crac(-DiAp) = c"ac(-^o) = 

[(^)'&^+oo). ' ' □ 

Now, it is well-known that on we can have = (that is, 

there exist harmonic p-forms) only for p = or for p = N — 1. 
Hence: 

Proposition 4.12. For a = -1, b> 0, ifO<p<N-l 

cTac(A^^J = and a^^^l^i) = 0, 
whilst zfp G {0,iV- 1} 



0"ac(A^fl; 



6^, +00 ) and osd^ 



Ml) 



2 

By duality: 

Proposition 4.13. For a = —1, b> 0, if 1 < p < N 

whilst ifpe {l,N} 

h\ +00 ) and o-sc(A^^^^ 



Ml/ 



N -I 



As a consequence, in view of Theorem I3.3| we have the following 
result: 
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Theorem 4.14. For a = -1, b > 0, ifl<p<N-l 

o-ac(A^) = and a^d^li) = a^d^li^), 
whilst ifpe {0, 1, iV - 1, A^} 



b'^, +oo\ and (7sc(A^) = (7sc(A^3). 



5. The case a < -1 
As in the previous section, we introduce the change of coordinates 

r : (0,+oo) — > (0,+oo), 



r+co 

r{t) := / Vmds; 
Jo 



the Riemannian metric in the new coordinate system (r, 6) on (0, +oo) x 
is given by 

(5.1) da^ ^dr^ + g{r)d0lN-i, 

where 

g{r) — for r e (0, +e) 

and 

2b 2b _ 

g{r) — \a+l\ (r — Ci) for r > c = X + e, 

where K — y^JJs) ds and ci = if + e — ^'^^ > 0. Applying the 

orthogonal decomposition of Section 4 in the new coordinate system 
we find the following expression for the operators -Dj;^^: for any w G 

c~(o,+oo)nP(Du?) 



dr 

where 

'N-2p-l\ fN-2p-3\ 1 , A*; 



{^){^)^ + ^ forrG(0,e) 

Vi (r) = { a. smooth function for r e [e, c] 

26 26 

Ki{r - ci)"^ + A^|a + l|F+TT(r - ci)T^ for r > c, 



where 



^_ 'iV-2p-iy 6^ 7v-2p-l b 

2 J |a + iP ^ 2 kTTl 



Analogously, for any w e C°°(0, +oo) fl 'D{D^-.p-i) 

k 
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where 

[(^)(^)^ + ^ for rG (0,6) 

V2(r) = < a smooth function for r G [e, c] 

I ~ o _1 2i) 2b 

yK2{r - CiY^ + \l |a + l|T^(r - Ci)T^ for r > c, 



where 



'N-2p+lV N-2p+l b 

K2 = 1 — TTTT + 



|a + lr 2 |a + l| 

Finally, for every {wi®W2) G {C'^{0,+oo)®C°°{0,+oo))nV{D^^p-i), 

k 



(5.2) /^3;,P-i(u'i © W2) = (^Dixr^wi + V3{r)^f)^'w2 
where 

f ^ for r G (0, e) 

V3(r) = < a smooth function for r G [e, c] 

I 6 ^ —I _ 

|a + 1| (r — Ci) i^+i for r > c. 

As in the previous section, the behaviour of the potential at +00 de- 
pends strongly on the sign of 6 G M, thus we will consider separately 
the cases 6 < 0, 6 = and 6 > 0. 



5.1. The case 6 < 0. Let us begin with the study of the spectrum of 
Dix^^ for any A; G N . To this purpose, let us introduce the following 
Theorem, which is an easy generalization to the case of p-forms of a 
result due to Lavine (see |^): 

Theorem 5.1. Let V he a multiplication operator acting on Lp(M^, e), 
where 

V{x) = Vo.{x)+Vp{x), 

with 

(1) \4gC1(M^), 

(2) lim|^|_+ooK(x) = 

(3) l^^l ^ c(l + r)~'^ for some 7 > 1 (here r = \x\), 

(4) Vp\x) = (1 + \x\)-"<Up + /oo) for some 7 > 1, /oo e L-(M^), 
fp G LP(M^) forp> max(f , 1). 
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Then there exists a unique selfadjoint operator H with 'D{H) C 
P((AP)2) such that for every oj G V^H) 

{Huj,uj)l2(kn^^)= y2 (^) dx+ V{x)\uj{x)\'^ dx. 

The positive eigenvalues of H have finite multiplicity and can accumu- 
late only at 0. Moreover, 

HUH) = (HpiH))^. 

Proof. For the scalar case (i.e. p = 0) see p. For p > the assert 
follows applying to each component the result in the scalar case. □ 

Remark 5.2. Under the assumptions of Theorem 15. 11 we do not get the 
existence and completeness of the wave operators Af) (indeed, 

for certain potentials they might not exist, as shown in 

We are now in position to prove the following 

Lemma 5.3. For a = —1, b < 0, for < p < N — 1, for every G N 

a^ciDixp) = [0,+oo) and a^dDixp) = 0. 

Proof. Let us consider, on the Euclidean space (]R^,e), the operators 

Ho ■■= A^, 

H,:=Al + Vi\x\), 

where 

for |x| e (0,e) 
a smooth function for |x| G [e, c] 



V{\x\) 



Ki{\x\ - Ci)-2 + Xl\a + l\-WTh{r - ci] 



\a + l\ 



( N-2p-l \ ( N~2p~3 \ J_ _ r , , 

\ 2 ) \ 2 ) \x\2 ■^k\x\2 '■^'^ Kl ^ C. 



|x|2 

Since V^(|a;|) is bounded, we have that Hi is essentially selfadjoint on 
C^{AP{R^,e)). Hence, the operators 

Ho := rp,i,,(M^, e) o i^o o (Tp,i,fc(M^, e))~\ 

Hi := Tp,i,fc(M^, e) o #1 o (Tp,i,fc(M^, e))-\ 

are both essentially selfadjoint on the set Xp^i^k- Since Dixp is essen- 
tially selfadjoint on Xp i ^ and Dixp^w = Hiw for every w G Xp i fc, we 
have that Hi = Dixp. 

k 

Now, V(|x|) is not an Agmon potential for any possible value of 



a < -1, 6 < 0. 
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If |6| > then for < e < min |i, \ - | we have that 

(1 + G L'-(M^), 



hence V^(|a;|) is an Agmon potential on R . As a consequence, following 
the argument of Lemma lOl we find that for |6| > -^^1^ ai^{Di)v) = 
[0,+oo) and cTscpiA^) = 0. 
If, on the contrary, \b\ < is no more an Agmon potential; 

however, V(|a;|) fulfills the assumptions of Theorem 15 .11 Indeed, V(|a;|) 
can be written as 

Vi\x\) = VM) + Vpi\x\), 

where 

vM) = Vpi\x\) = o 

for |x| G (0, e), whilst for |x| > c 

2|6| 2|6| 

Va{\x\) = \l\a + ir^(|x| - Ci)"^ 



and 

mm) = Ki{\x\ - ci) - + xi 



FT 

It is immediate to see that Va G C^(]R^), — >• as \x\ — > +oo 
and 

|^|<C(l + rr(^+0 
or 

for some positive constant C. 
Moreover, for e < 1 

(1 + 1x1)1+^^2(1x1) gL°°(M^). 

As a consequence, by Theorem 15.11 

moreover, the positive eigenvalues of Hi have finite multiplicity and 
can accumulate only at 0. These facts hold also for the restriction of 
Hi to the subspace Cp^i^kiM^ , e). Hence, we find that, for every A; G N, 

(5.3) nUDi,.) = (n,{Di,.)y ; 

moreover, for every A; G N the positive eigenvalues of Dixp have finite 
multiplicity and can accumulate only at 0. 
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From we immediately get HsdDixp) = 0, whence 

asc(/^iA^) = 0. 
As for the absolutely continuous spectrum, since 

^{Dixp) = (Tac(£'iA^) U CTp(L'iAp) 

and, in view of Theorem 5.1 in [1 , 

a{D,^p) = [0,+cx)), 

we find 

[0, +oo) \ (Tp{Dixl) C aac(^lA^), 

whence 

cr^Dixl) = [0,+oo). 

□ 

Hence, by Lemma (2. 11 
Proposition 5.4. For a < —1, b < 0, for < p < N — 1, 

(Tac(A^^J = [0,+oo) and asc(A^^J = 0. 

By duality: 

Proposition 5.5. For a < —1, b < 0, for I < p < N , 

(Tac(A^2) = [0,+oo) and (7sc(A5,^2) = 0- 

As a consequence, since from Theorem 13.31 we already know that for 
a < —1, b < the essential spectrum of A^^ is equal to [0, +oo) for 
every p G [0, A^], we can state the following 

Theorem 5.6. For a < —1, 6 < 0, for < p < N , 

crac(A^^) = [0,+oo) and o-sc(A^^) = a^^i^lj.^). 

5.2. The case 6 = 0. First of all, we study the spectral properties of 
Dixp for every A; G N. 

k 

Lemma 5.7. For a < —1, 6 = 0, for < p < N — 1, for every G N 

a^ciDixp) = [A^,+oo) and a^^Dixp) = 0. 

Proof. For 6 = 0, the potential Vi(r) is simply given by 

U^){^)^ + Xl^ forrG(0,e) 
Vii'f') = \ a smooth function for r G [e, c] 

[Ki{r - ci)"^ + XI for r>c. 

Let us consider, on the Euclidean space (]R^,e), the operators 

Ho := A^ + XI 
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H^:=Al + \l + V{\x\\ 

where 

i-Xl for|x|G(0,e) 
V^(|x|) = < a smooth function for \x\ G [e,c] 

{mx\-c,y--{^^ + Xl)^ forN>c. 

Since V(|a;|) is an Agmon potential on M^, following the argument of 
Lemma lOl we find that crsc(-DiA^) = and aa^^Dixi) = [-^1;+^) 
every G N. □ 

Hence, by Lemma (2. II 

Proposition 5.8. For a < —1, 6 = 0, for < p < N — 1, 

C^ac(A^l) = [A{;,+00) , 

where Aq is the lowest eigenvalue of A|iv-i on p-forms, and 

^sciKn) = 0- 

By duality: 

Proposition 5.9. For a < —1, b = 0, for I < p < N , 

where Ag~^ is the lowest eigenvalue o/ Agjv-i on {p — l)-forms, and 

As a consequence, since we know from Theorem . HI that for a < — 1, 
6 = 0, for every p G [0, A^] the essential spectrum of A^j is equal to 
[Ap, +cxo), where Ap = min |Aq, Aq~^}, we find the following result: 

Theorem 5.10. For a < -I, b = 0, for < p < N , 

0-ac(A^^) = [A, +00) , 

where A = min {Aq, Aq~^}, and 

Csc(A^) = (TsclA^^g). 

5.3. The case 6 > 0. As in the previous cases, in order to compute 
the absolutely continuous spectrum of A^,^ it suffices to study the ab- 
solutely continuous spectrum of -Di \p for every A; G N: 

k 

Lemma 5.11. For a < —1, b > 0, for every A; G N z/ A^ > 
o"ac(^iAf;) = and (Tsc(^ia^) = 0, 

whilst if X^. = 

o-ac(^iA^) = [0,+oo) and a^dDixpJ = 0. 
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Proof. It was proved in IJ that for a<— 1,6>0, ifA^>0 then 
aess{Di\l) = 0; thus, if > 0, then a^^dD^xi) = a^ciDi^pJ = 0- 
If, on the contrary, = 0, then Vi(r) is simply given by 

r(^)(^)^ forrG(0,e) 
= N a smooth function for r G [e, c] 

I i^i(r — Ci)~^ for r > c. 

Let us consider, on (]R^,e), the operators 

Ho := A^, 

H,:=Al + V{\x\), 

where 

{0 for |a;| G (0,e) 
a smooth function for |x| G [e, c] 
- {^^) {^^) + mx\ - c,)-' for|x|>c. 

Since V^(|x|) is an Agmon potential on M^, following the argument of 
Lemma lOl we find that if A^ = then asc{Dixp) = and crac(-DiAp) = 
[0, +oo) . This completes the proof. □ 

Hence, by Lemma (2. II 

Proposition 5.12. For a < -1, b > 0, ifO<p<N-l 

crac(A^,^J = and asc(A^^J = 0, 

whilst zf p e {0, N - 1} 

o-ac(AA,ji) = [0, +oo) and asc(A^J = 0. 

By duality: 

Proposition 5.13. For a < —1, b > 0, if 1 < p < N 

C^ac(A^^2) = f^sc(A^2) = 0' 

whilst if p e {l,N} 

(Jac(A^^2) = [0,+oo) and asd^^.n) = 0- 
As a consequence, in view of Theorem we get the following result: 
Theorem 5.14. For a < -1, b > 0, ifl<p<N-l 

a-ac(A^^) = and (Tsc(A5^) = crsc(A^,^3), 
whilst ifp G {0,1,A^- 1,A^} 

o-ac(A^,^) = [0,+oo) and crsc(A^^) = o-sc(A^^3). 
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